In this paper we construct a faithful representation of the mapping class group of the genus two surface into a group of matrices over the real numbers. Our starting point is the Lawrence-Krammer representation of the braid group Bn, which was shown to be faithful by Bigelow and Krammer. We obtain a faithful representation of the mapping class group of the n-punctured sphere by using the close relationship between this group and B n−1 . We then extend this to a faithful representation of the mapping class group of the genus two surface, using Birman's result that this group is a Z 2 central extension of the mapping class group of the 6-punctured sphere. The resulting representation has dimension sixty-four and will be described explicitly.
Introduction
Let Diff + M denote the group of orientation preserving diffeomorphisms an oriented manifold M which act as the identity on ∂M . The mapping class group of M is the group π 0 Diff + M . A representation of a group is a homomorphism from the group into a multiplicative group of matrices over some commutative ring. Such a representation is called faithful if it is one-to-one.
The aim of this paper is to construct a faithful representation of the mapping class group of a genus two surface. We take as our starting point the Lawrence-Krammer representation of the braid group B n . Bigelow [Big] and Krammer [Krab] have shown this to be faithful. In Section 2, we show how to alter the Lawrence-Krammer representation to obtain a faithful representation of the mapping class group of an n-times punctured sphere.
The genus two surface is a branched covering space of the sphere with six branch points. Birman has used this to establish a close relationship between the mapping class group of the genus two surface and the mapping class group of the six-times punctured sphere. In Section 3, we use this to obtain a faithful representation of the mapping class group of the genus two surface.
The representation we obtain has dimension sixty-four. We explicitly describe the matrices in Section 4.
Simultaneous with this result, Nathan Dunfield has produced a faithful representation of the mapping class group of a genus 2 surface by a similar construction. Korkmaz has also independantly proven this result using similar methods. We have taken care to keep the representation down to a more managable rank of 64.
Throughout this paper, D will denote a disk, Σ 2 will denote the closed oriented surface of genus two, and S 2 will denote a sphere. If M is an oriented manifold and n is a positive integer then let Diff + (M, n) denote Diff + (M \ {p 1 , . . . , p n }), where p 1 , . . . , p n are distinct points in the interior of M , often called "puncture points".
The n-punctured Sphere
The aim of this section is to prove the following.
Theorem 2.1. There exists a faithful representation of the mapping class group of the n-times punctured sphere.
The braid group B n is the group π 0 Diff + (D, n). Provided n > 2, the center of B n is isomorphic to Z and is generated by the full twist braid ∆. This is a Dehn twist about a curve parallel to ∂D.
Let p 1 , . . . , p n be distinct points in S 2 . Let H be the subgroup of π 0 Diff + (S 2 , n) consisting of those diffeomorphisms which fix p n , but possibly permute p 1 , . . . , p n−1 .
Lemma 2.2. Provided n ≥ 4, there is a short exact sequence
where the image of Z in B n−1 is the center of B n−1 .
Proof. Let D + and D − be the northern and southern hemispheres of S 2 , that is, two disks in S 2 such that D + ∩D − = ∂D + = ∂D − . Assume that p 1 , . . . , p n−1 ∈ D + and p n ∈ D − . Then B n−1 can be defined as π 0 Diff + (D + , n − 1). We can extend any f ∈ Diff + (D + , n − 1) to a diffeomorphism of the whole sphere by setting it to be the identity on D − . Let φ : B n → Diff + (S 2 , n) be the isomorphism defined in this way.
First we show that the image of φ is H. Let g be an element of Diff + (S 2 , n) which fixes the puncture p n . Note that g(D − ) is a disk in S 2 which contains p n and no other puncture point. Thus g(∂D − ) is isotopic to ∂D − in the n-times punctured sphere. This isotopy can be extended to an ambient isotopy of the ntimes punctured sphere. We can therefore assume, without loss of generality, that g acts as the identity on ∂D − . By the Alexander trick, we can further assume that g acts as the identity on D − . Thus g = φ(g|D + ). Now we show that the kernel of φ is generated by ∆. Let f ∈ Diff + (D + , n − 1) represent an element of the kernel of φ. Let g = φ(f ). Then there is an isotopy g t such that g 0 = g and g 1 is the identity map. Let D ′ be a disk in S 2 \ {p n } such that g t (D + ) lies in the interior of D ′ for all t ∈ [0, 1]. Then g|D ′ represents the same braid as f . Let h t be an isotopy of ∂D ′ ∪ D + which acts as the identity on ∂D ′ and acts as g t on D + . This can be extended to an ambient isotopy of D ′ such that h 0 = g|D ′ . Then h 1 is isotopic to g, so also represents the same braid as f . But h 1 acts as the identity on D + and ∂D ′ . Thus h 1 must be some number of Dehn twists about a curve which is parallel to ∂D ′ , that is, some power of ∆.
Let d = n 2 . This is the dimension of the Lawrence-Krammer representation. Let Root be the isomorphism of Z-algebras
given by Root(q) = q 1/d and Root(t) = t 1/d . Define the one-dimensional representation F n to be given by Claim 2.3. F n ⊗ L n has kernel precisely the center of the braid group, provided n > 2.
Proof. The representation F n ⊗ L n can readily be identified with the representation b → F n (b)L n (b). Suppose b lies in the kernel of this representation. Then L n (b) is a scalar matrix, so lies in the center of the matrix group. Since L n is faithful, it follows that b lies in the center of the braid group.
Conversely, let ∆ denote the full twist braid which generates the center of the braid group. Under L n , this is sent to a scalar matrix λI. This is a non-trivial fact, but can be seen easily by looking at the representation as an action on the module of forks [Kraa] .
We are now ready to prove Theorem 2.1. If n ≤ 3 then Diff + (S 2 , n) is simply the full symmetric group on the puncture points, so the result is trivial. If n ≥ 4 then the representation F n−1 ⊗ L n−1 induces a faithful representation of H, via Lemma 2.2. Since H has finite index (equal to n) in π 0 Diff + (S 2 , n), this representation extends to a finite dimensional representation of π 0 Diff + (S 2 , n). Extensions of faithful representations are faithful (see for example [Lan71] ), giving the result. Note that this faithful representation of Diff + (S 2 , n) has dimension n−1 2 n.
The Genus Two Surface
Theorem 3.1. There exists a faithful representation of the mapping class group of the genus two surface.
The standard involution of Σ 2 is the rotation through an angle of π as shown in Figure 1 . This defines an action of Z 2 as a group of branched covering transformations with quotient S 2 and six branch points. Let Diff Z2 + Σ 2 denote the group of Z 2 -equivariant diffeomorphisms of Σ 2 , that is, the group of diffeomorphisms which strictly commute with the standard involution. We think of Diff Z2 + Σ 2 as a subspace of Diff + Σ 2 .
Proposition 3.2. The inclusion map Diff Z2 + Σ 2 → Diff + Σ 2 induces an isomorphism on π 0 .
Proof. That the induced map is epic follows from the fact that that the genus 2 mapping class group is generated by five dehn twists, all of which happen to be Z 2 equivariant. See Figure 2 . That the induced map is one-to-one is more difficult. A proof can be found in [Bir74] . 
Proof. Onto is easy: Each of the five Dehn twists shown in Figure 2 is sent to a half Dehn twist around a curve separating two puncture points from the rest, as shown in Figure 4 . These half Dehn twists are the standard generators of the mapping class group of the 6-times punctured sphere.
That the kernel is Z 2 is an elementary exercise in (branched) covering space theory.
In Section 2 we constructed a faithful representation F n ⊗ L n of π 0 Diff + (S 2 , n). By the previous two propositions, F 6 ⊗ L 6 is a representation of π 0 Diff + Σ 2 whose kernel is equal to Z 2 , generated by the standard involution.
Let H be the representation of π 0 Diff + Σ 2 induced by the action of Diff + Σ 2 on H 1 Σ 2 . This is a representation of dimension four. Under this representation, the standard involution is sent to −I. The direct sum H ⊕ (F 6 ⊗ L 6 ) is a faithful representation of π 0 Diff + Σ 2 . It has dimension sixty-four.
Matrices
We start off by computing matrices for the representation F n ⊗ L n . Explicit matrices for L n were worked out both in Krammer and Bigelow's work. Here we will use the matrices that appear in Bigelow's dissertation. L n is acting on the free module with generators v i,j for 1 ≤ i < j ≤ n. σ i will be the half Dehn twist generators of the mapping class group of a punctured disc, see [Big] for conventions.
Using this, we can compute F n (σ i ) = t −1/d q −n/d . If we introduce the new variable r = t −1/d q −n/d the matrices for F n ⊗ L n take a particularly simple form, since t rarely occurs in L n .
The induced representation ofM of M := F n ⊗ L n is now straightforward to compute. We will give a block-matrix description ofM in terms of M .
Reminder: given a subgroup A of a group B and a left linear action of A on a module V , think of B and V as left A-spaces. The set of A equivariant maps from B to V , M ap A (B, V ) is a module and has a canonical left linear B action, given by b.f := f • R b where R b is the right multiplication map B → B. This is the extension representation induced by the representation of A on V . Given coset 
where p i is the permutation such that σ i c j is in the coset c pij A.
As coset representatives for H in π 0 Diff + (S 2 , n) we will use the maps c 1 = Id, c 2 = σ n−1 , c 3 = σ n−2 σ n−1 σ −1 n−2 , · · · , c n = (σ 1 σ 2 · · · σ n−2 )σ n−1 (σ 1 σ 2 · · · σ n−2 ) −1 , p i , as a permutation of {1, · · · n} is the transposition p i = (n − i, n − i + 1). Let τ = σ 1 σ 2 · · · σ n−2 σ n−2 · · · σ 2 σ 1 and let ν j = σ n−j+1 σ n−j+2 · · · σ n−2 then:
σ i i = n − 1, j = n + 1 − i (σ 1 · · · σ i−1 )τ −1 (σ 1 · · · σ i−1 ) −1 σ −1 i i = n − 1, j = n + 1 − i Id i = n − 1, j = 1 σ n−2 τ −1 i = n − 1, j = 2 ν j σ n−2 ν −1 j i = n − 1, j > 2 One can deduce immediately the matrices forM (σ i ), in the n = 6 case, eg:
